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Abstract: We consider a domain filled with a suspension of heat
conducting spheres of conductivity ¢, embedded in a matrix of lesser
conductivity a,,. It is assumed that there exists a thermal contact
resistance at the sphere - matrix interface. The contact resistance
is characterized by a scalar #, which has dimensions of conductivity
per unit length. A current flux is prescribed on the domain boundary
and we seek the energy minimizing configuration among all suspen-
sions satisfying a resource constraint on the total volume of spheres.
We cstablish the existence of an energy minimizing configuration
within the class of polydisperse suspensions of spheres. The opti-
mal suspension depends upon the size of the domain and consists of
spheres of radii greater than or equal to R, = 7' (07,! —0,1)7!
or no spheres at all. Here R, is the ratio between the interfacial
resistance and the mismatch between the resistivity of each phase.
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1. Introduction

We consider suspensions of thermally conducting spheres embedded in a ma-
trix of lesser thermal conductivity. We allow the suspensions to contain spheres
of different radii. This class of suspensions is referred to as the class of poly-
disperse suspensions of spheres. The suspension is contained inside a convex
domain © C R* with Lipschitz continuous boundary 9. The conductivities of
the spheres and matrix are assumed isotropic and are specified by o, and oy,
respectively, with o, > o,,. We treat the technologically important case when
there is an interfacial contact resistance between the two phases. The contact
resistance is characterized by a scalar § with dimensions of conductivity per
unit length. Experiments show that for small particles, the presence of an in-
terfacial barrier can diminish or even negate the effect of a highly conducting
reinforcement, see, Garret and Rosenberg (1974), Every, Tzou, Hasselman and
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Raj (1992), and Hashin (1962). This phenomena is in striking contrast to what
occurs for perfectly bonded composites where there is no interfacial thermal bar-
rier. Indeed, for perfectly bonded composites it is known, that the addition of
highly conducting particles will always increase the effective conductivity inde-
pendently of particle size. Recent studies focusing on special micromechanical
models and dilute monodisperse suspensions of spheres strongly suggest that
the effective conductivity decreases with decreasing particle size, see: Chiew
and Glandt (1987), Every, Tzou, Hasselman and Raj (1992), and Hasselman
and Donaldson (1992). The low volume fraction results of Chiew and Glandt
(1987) and the micromechanical models of Every, Tzou, Hasselman and Raj
(1992) show that the effective conductivity tends to that of a porous matrix
in the limit of infinitesimally small particle size. More generally for periodic
suspensions it is shown in Lipton (1997) that the effective property tends to
that of a porous matrix in this limit. This behavior is seen in the experimental
results of Hasselman and Donaldson (1992). From the perspective of engineer-
ing applications, it is of importance to know how to design suspensions with
energy dissipation properties at least as good as that of the matrix. Recently it
has been shown by Lipton (1996, 1998) that if a reinforcement particle’s second
Stekloff eigenvalue, ps, is greater than R, = 871 /(0" — 0,') ", then the en-
ergy dissipation of the suspension will not decrease when the particle is added
to the suspension. For a spherical particle of conductivity o, this means that
the particle will not lower the energy dissipation of the composite when the
particle’s radius is less than R, see Theorem 1.1. In light of this, it is evident
that minimizing sequences of designs will not consist of arbitrarily fine suspen-
sions. In fact we show that the existence theory for the optimal design becomes
a problem of shape optimization. The author recognizes that polydisperse sus-
pensions of spheres do not represent the most general physical or mathematical
case, however it is a first step towards a general theory of existence for these
problems.

We present the mathematical formulation of the problem. The region occu-
pied by the i*" sphere in the suspension is denoted by B;, and the configuration
of spheres given by their union UB; is denoted by A. The two phase interface is
denoted by I' = U9B;. We assume that the spheres are strictly contained inside
Q,ie.,, A C Q and I'N3SY = 0. The local resistivity tensor inside the composite
is described by 071 (xa) = 0, 'Xaiax + 05 (1 = Xa), where x, equals one in A
and zero otherwise. For a prescribed distribution of current g € H~'/?(9Q),
such that [, gds = 0, the energy dissipated inside the composite is given by
E(A,g), where

E(A,g) = min{C(A,j) : j € L3(Q)3,div j=0, j-n = g on 90} (1)

and

A = [ o7 () -idx+ A7 [ (G-m)as. @
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Here div j = 0 holds in the sense of distributions, ds is the element of surface
area, and the vector n is the unit normal pointing into the matrix phase. The
first term of the functional C(A,j) is associated with bulk energy dissipation,
while the second term gives the energy dissipation at the two-phase interface.
The minimzer j, is precisely the heat flux inside the composite. The associated
temperature u, is related to the heat flux through the constitutive law j, =
o(xa)Vu, in each phase. The equilibrium equations for the temperature are
given in Section 3. Existence of solution for the equilibrium equations follows
from the Lax-Milgram lemma: this is easily established along the lines given in
Lene and Leguillon (1982).

We consider the problem of minimizing the energy dissipation among poly-
disperse suspensions, subject to a resource constraint on the total volume oc-
cupied by the spheres. We introduce the class C,, of all polydisperse suspen-
sions containing a finite number of spheres, satisfying the resource constraint
meas(A) < 6,meas(S2). Here 0, is an upper bound on the volume fraction occu-
pied by the suspension. Note that there are no constraints on the size or number
of spheres for configurations in C,,. We suppose that the spheres do not touch
each other. To make this requirement precise we consider a suspension in G,,

consisting of N spheres and denote the center and radius of the i** sphere by ;

and r; respectively. We surround the " sphere by an open ball S; with center
x; and slightly larger radius (1 4+ A)r;, where X is a fixed positive constant. We

require that the open balls do not overlap, ie.,

8;n8y=0i%4, (3)
and

SN =0i=1,2,...N. (4)

The class of suspensions in C,, satisfying (3) and (4) is denoted by C,, ..
For a prescribed current flux ¢ € H=*/2, such that faﬂ gds = 0 we consider
the problem,

min{E(A,g): A€ Cy, 1} (5)

In this paper it is shown that an energy minimizing configuration exists in
the class Cy, . Moreover the optimal suspension depends upon the size of the
domain Q and consists of spheres with radii greater than or equal to R, or no
spheres at all: see Theorem 1.4. Here R, has the dimensions of length and is
the ratio between the interfacial thermal resistance and the mismatch between
the thermal resistivity of each phase. We remark that the class C,, . is suffi-
ciently large to allow for the potential appearance of fine structure in minimizing
sequences of configurations. In fact the composite sphere assemblages of Hashin
(1962) can be approached by sequences of configurations in C,, . We note that
the restriction to suspensions of spheres that do not touch is a technical one
and is only used to apply the methods of optimal shape design as presented in
Pironnecau (1984).
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The functional without the interfacial energy term in (2) has been widely
studied. Indeed, in the absence of surface energy, it is well known from the
fundamental work of Lurie and Cherkaev (1986) and Murat and Tartar (1985)
that problems of the type (5) are most often illposed and exhibit minimizing
sequences composed of arbitrarily fine mixtures of the two conductors.

Recently Ambrosio and Buttazzo (1993) have considered functionals with
bulk energies similar to the first term in (2) augmented by a penalization pro-
portional to the perimeter of the two phase interface. They allow for arbitrary
configurations of the two phases, placing a resource constraint on the better
conductor. The perimeter penalization used in Ambrosio and Buttazzo's work
rules out the appearance of arbitrarily fine mixtures in minimizing sequences by
assigning an infinite value to them.

Their penalization gives the necessary compactness and forces the optimal
configuration to lie within the class of sets of finite perimeter that are (up to
subsets of measure zero) open.

The approach taken here does not use an explicit perimeter penalization, but
instead the penalization opposing the formation of fine scale mixtures follows
from the thermal contact resistance at the two phase interface. The explicit
mechanism by which fine scale minimizing sequences are eliminated is seen in
the following inequality established in Lipton (1996, 1998).

THEOREM 1.1 Energy dissipation inequality.
Let B denote a sphere of radius a such that AUB is a suspension in C,, », then,

E(AU B, g) 2 E(A,g), (6)
if

< R (7)
Jor all g € H-'/*(99) such that [y, gds = 0.

We remark that this is a special case of a more general inequality that holds
for suspensions of particles with Lipschitz boundaries obtained in Lipton (1996,
1998). For completeness we provide a proof of Theorem 1.1 in Section 5.

It is evident from Theorem 1.1 that R, gives the critical sphere radius for
which the benefits of a highly conducting inclusion arc spoiled by the contact re-
sistance at the particle surface. It follows that if a suspension contains spheres of
radii less than R, then there is no advantage to keeping them in the suspension.

At this point it is it is necessary to check that there exist suspensions in
Cy,.» for which the corresponding energy dissipation E(A,g) is less than the
energy dissipation E((), g) associated with pure matrix material. To answer this
question positively we introduce the following geometric quantity associated
with the configuration A and boundary data g given by:

ngz&fﬁm%m/GmWﬂ (8)

A
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Here j is the current field generated inside the domain when filled with pure
matrix material and subjected to the prescribed boundary data g. We now state
the following theorem that is proved in Section 6:

THEOREM 1.2 If T(A,g) <0 then E(A,g) <E(0,g).

For any given configuration A it is evident from (8) that the particle conduc-
tivity and interfacial resistance may be chosen to make R, sufficiently small so
that the quantity T(A, g) is negative. Thus for any configuration in C,, , there
is a choice of particle conductivity and interfacial resistance for which the con-
figuration has lower energy dissipation than pure matrix material. Conversely
for fixed material properties and boundary data, the condition T(A,g) < 0 is
seen to be sufficient for a configuration to reduce the energy dissipation below
the unreinforced value. As an example we consider boundary data, of the form
g = j - n, where n is the outward directed unit normal vector on the boundary
of Q and j is a constant vector in R®. For this case the requirement T(A, g) < 0
is equivalent to

(a_l>_1 > Re;. 9)
Here (a™!) is the volume average of the reciprocal radii for a suspension of
N spheres with radii ay, as,...,ay given by:
N
- 1Y
= = 10
(") 21 A (10)

where, |Y;| is the volume of the i** sphere and | A| is the volume of the suspension.

Thus it is evident from Theorem 1.2 that if the “harmonic mean” of the sphere
radii is greater than R, then the configuration reduces the energy dissipation
below the unreinforced value. The inequality (9) is established Section 6.

We next introduce the subclass SC,, ,, of suspensions in C,, , consisting
only of spheres with radii greater than of equal to R.,.. In view of Theorem 1.1,
we see that the size of the domain 2 effects the optimal configuration. Indeed,
the domain may have physical dimensions for which the class of configurations
SCy,  is empty. Thus, the class C,, , consists of spheres of radius less than
R.,. For this case, it is evident that the optimal configuration is made from
pure matrix material with no particles at all. We summarize these observations
in the following,

THEOREM 1.3 Necessary conditions of optimality.
If the configuration A is a minimizer for problem (5), then A € SC,, ., or

A=0.

We now assert the existence of an energy minimizing configuration in the
class C, ..
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THEOREM 1.4 Exsistence of an energy minimizing suspension.
There eaists a minimizing configuration A for problem (5) and A € SC,, » or

A=0.

Clearly, Theorem 1.3 implies that all energy minimizing configurations must
lie in the class SC,, , or consist of no spheres at all. Thus for domains for
which the class SC,, » is not empty, our analysis focuses on proving the exis-
tence of minimizers within the class SC,, ,. Existence is proved through the
direct method of the calculus of variations and we may use the methods dis-
cussed in Pironneau (1984). It is shown in Section 2 by means of elementary
arguments that the set of characteristic functions associated with all configura-
tions in SC,, , is closed and compact with respect to strong L' convergence. In
Section 3, the functionals E(A, g) are shown to be continuous with respect to L!
convergence and existence follows. Section 4 provides a derivation of the energy
estimates used in section 3. In this Section, a higher regularity result for the
trace of the temperature on either side of the two phase boundary is obtained.
This is used to establish a Poincare like inequality from which uniform bounds
on the energy dissipation follow. We establish Theorem 1.1 in Section 5 and
conclude the paper by proving Theorem 1.2 and inequality 9 in Section 6.

2. Compactness of the design space

We consider a sequence {A*}>°

>, of configurations in SC,, s and state the fol-
lowing:

THEOREM 2.1 Given {A”}22, such that A” € SC,, , v =1,2,..., there exsists
a subsequence also denoted by {A¥}2°, and a configuration A € SCe, 5 for which

=1

meas(A” A A) — 0. Equivalently we have x,v — X1, strongly in LY(2).

Proof:
We first note that any configuration A of “p” particles can be represented by a
vector v” of length 4p consisting of the radius and center of each sphere in the
suspension. The maximum length of any such vector is attained by the vector
describing the configuration associated with packing Q2 with spheres of radius
R¢r. The number of spheres in this packing is denoted by £. We see that all
configurations in SC,, , correspond to a closed bounded set of vectors in RAL,
The compactness of the design space in L () follows immediately.

Remark. Since the minimum sphere size is bounded below by R, it is clear
that any convergent sequence {A”}52 , contains the same number of spheres for
sufficiently large indices v.

3. Continuity of the energy dissipation functional

In this section we establish the continuity of the functional F(A,g). We state
the followine theorem:
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THEOREM 3.1 Continuity of the energy dissipation.
Given a sequence {A”}°° | in SCe,.» and a set A in SCe, ., such that meas(A” A

v=1
A) =0, then

lim FE(AY,g) = E(A,g) (11)
V—00

Proof:

With out loss of generality, may suppose that the limit configuration A consists
of “p” spheres. From the remark following Theorem 2.1 we assume that we
are far enough out in the sequence, so that each configuration A consists of p
spheres.

For the configuration A” we introduce the characteristic function x¥ associ-
ated with the i*" sphere. The characteristic functions of the spheres are related
to the characteristic function of the configuration A by x,» = >_1_, x¥. More-
over, the convergence of {A4”}%°, to A imply x¥ — X; strongly in L' where ¥;
is the characteristic function of the i sphere in the configuration A. The proof
is facilitated by introducing the equations of state solved by the temperature
uav for the configuration A”. The heat flux is related to the gradient of the
temperature by the constitutive law: j,» = 0¥ (x)Vu,v and

div(c”(z)Vu,) =01in Q\ . (12)
Across the interface one has

[jav *n] =0o0n I, (13)
and

Jav +ny, = =PBusr] on T, 0, Vs -n =g on N (14)

Here I'V is the two phase interface 0¥ (z) = opXar + om(l — xav), and [usv] =
Upv|, = Unv |, where the subscripts indicate the side of the interface where the
trace is taken. The requirement, ]()Q gds = 0 is the solvability condition for the
equation of state, and the temperature u,» € H*(Q\I') is determined uniquely
up to a constant. Exsistence of solution for the boundary value problem (3.2)-
(3.4), follows from the Lax-Milgram lemma; this is easily cstablished along the
lines given in Lene and Leguillon (1982). We provide a usefull weak formulation
of the boundary value problem (12) - (14). Introducing the space of vector fields
w = (wp,w,...,wp) belonging to H*(Q)P*!, the weak formulation is given by:

P .
Z / (xiopVuar - Vw;)dz + / (1 = xav)omVusw - Vwodz +
i=17% R

i=p x i
+ ,BZ / [uar](w; — wo)ds — / wogds = 0, (15)
= JoBY Joa
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for all w € H(Q)P*!. Here B! denotes the boundary of the i*" sphere in the
configuration A¥. One can establish the existence of a sequence of constants
{e“}22, such that the normalized sequence of temperatures {uye — ¢}52, is
uniformly bounded, ie.,

sup [luar = €[ g1 ayrvy < 00 (16)
v

This estimate is derived in Section 4: see Theorem 4.2. The normalized
temperature is a solution of the equation of state (12)-(14) and for the remainder
of this Section we continue to denote it by u,». Next we observe that there is a
uniform bound on the Lipschitz constant associated with the boundary of any
sphere BY, that holds independently of the indices 7 and v. Thus we may apply
the Theorem of D. Chenais (1975) to assert the exsistence of a positive number
K and p + 1 linear and continuous extension operators, My, MY, ..., M} such
that for all A” = U}_, B} € SC,, s,

MY : H{(Q\ (A UT?)) » HY(R%), (17)

MY : H(BY) —» H(R®), (18)
fori=1,2,...,p, where

Mgl < K and || M| < K (19)

ford =1,2,..,p:
It is evident from (16) and (19) that

sup |[Mg uav || 41y < 00 (20)
v

and

sup "Mfui\" "H‘m} < 00, (21)

ford = 1,20
From (20) and (21) we may pass to a subsequence if necessary to find that
there exists functions ug®, us°, .. B all in H'(Q) such that:

M unw — ul®, weakly in H'(Q) (22)
and

MY upe — u$®, weakly in H' (), (23)

ford = 1,2,5..0p
It follows from the weak formulation (15) that the choise wy = M use, w; =
MPuae, 1=1,2,...,p, gives:

Mg uawgds = [

arc

B(A",9) = [

il

u,\vgds. (24)
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From the weak convergence (22), it follows that:

V—0a

lim E(A”, g) = / ug’ gds. (25)
J a0

Next we let yx denote the characteristic function of A and x4 = Y2\=" ¥,

whmc Xi is the characteristic function of the i*" sphere in the limit configuration
A. 1t is evident from (25) that the theorem follows once we show that, u™ =

ug®(1 - xa) + Z, —1 Xiu$® is the solution of:
P
Z / (XiopVui® - Vw;)dz + / (1= xa)omVug® - Vwedz +
i 0 9]

:a .
iy ﬁZ/av(i?o"“go)(wi"wo)dS—/ wogds = 0, (26)

an

for all w in H'(Q)?P+!, where dB; is the boundary of the it" sphere in the limit
configuration. To establish this we will pass to the limit in the weak formulation
(15) to show that it agrees with (26).

We observe first that the weak convergence VM uye — Vul® i =1,2,...,p
and VMu,e — Vul®, together with the strong convergence of x¥ to x;, implies
that the first two terms of (15) converge to the first two terms of (26). To
expedite the presentation we denote the differences uf® — ud® and w; — wy,

defined everywhere on 2, by [4*°]; and §; respectively. We consider the difference
between the third terms of (15) and (26), given by:

ﬁ{z / 'U,Av 5 ds — E / ) [um]iéids}
aBY an;
’ 5{2{ [ ([uav] — [u]:)6ids
+ (/ [u®):6:ds — / [u™]i6:ds)}}. (27)
Japy JaB;
We show for each term in the sum (27) that the difference
/ ([unv] = [u]:)6ids — 0, for all & € HY(Q). (28)
Jopy
To do this we observe,

[ ()= w1)6ids = [ (un] - [@])6in” - n"ds, (20)
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where n” is the unit normal pointing out of dBy. Extending the normal inside
BY?, we apply the divergence theorem to find:

/ ([uar] — [u%)6:ds
aBy

/ (MPrupe — MEunw) — [w):)6in” - n*ds

aBY

= / Xi {(VM{upye — Vus®) + (Vug® — VMg u,w)} - n”6ide (30)
Q

+ [ XM upe — 1) + (U — MY upe)}div n¥6; +n* - V6;)dz.
J 0

For the i*" sphere, the extension of the unit normal vector is simply (z —

z¥)(a¥)™" and div n” = 3(a¥)~', where @’ and z! are the radii and cen-
ter of the i*" sphere in the configuration A”. Clearly the products x¥n” =
XY (z — a¥)(a?)™! and xYdiv n” converge strongly in L? to X;i and X:div #,
where 7 is the extended normal associated with the limit configuration. Thus
from the weak convergence (22) and (23) of the extended fields, it follows from
(30) that the difference (28) vanishes in the limit. Last, we observe that for
each term in the sum (27) the difference:

{um]géids—/ . [um]iﬁgds (31)
aBYy aB;

vanishes in the limit; this follows from the continuity of the trace, see Lions
and Magenes (1972). Thus passing to the limit in (15) we recover (26) and the
Theorem follows.

4. The Poincaré inequality and the energy estimate

In this Section we provide the energy estimates for the temperature satisfying
the equations of state given by (3.2) — (3.4). In view of the discussion in Sections
2 and 3 we will only consider potentials associated with configurations in the
class SC,, \ consisting of at most p spheres. For these configurations there
exsists a boundary layer L) of thickness %Rcr in which no sphere of conductivity
oy is present. We let Q denote the subset of Q obtained by removing the
boundary layer Ly from {2, ie., 0=0 \ L.

We start with an elementary observation on the regularity of the temperature
on the two phase interface. The trace of the temperature on the two phase
interface is denoted by usv|, and u,v|, where the subscripts m and p denote
the side of the interface where the trace is taken. We give the following:

Tomswws & % FET . @ iz ¥ 1w a0 WHTWN Lo AT sias 1T O
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Proof:
We observe from (3.2) — (3.4) that in each phase the solution u,v satisfies the
following set of Neumann problems:

/ oquAu V(pd.’IZ = —,8 u=1/295") < [’U,AU],QO >H1/2(DE'.')7 (32)
JBY i i
for all ¢ € HY(BY),i=1,2,...,p, and

/ O VUav 'V(pdl‘ = —,B H—1/2(0v) < [UAV],CP >H1/2(Fu)
Jayav

4 H=1/2(q) <gp >H1/2(ﬂ)7 (33)

for all p € HY(Q\ AY).

Observing that u,w € HY(Q\I'") we see that the jump [u,v] lies in HY/2(T)
and we appeal to the regularity theory for the Neumann problem, (see Grisvard,
1980) to conclude that usr € H2(Q\ T'¥). The Lemma now follows from the
Sobelev imbedding theorem.

Remark. Since I'V is of class C*°, we can iterate the procedure used to
prove Lemma 4.1 to find that usv|, and u,v, lie in C*°(I™).

Letting d be the diameter of the domain 2 and setting ws equal to the
volume of the unit sphere in three dimensions we state the following Poincaré
like inequality:

THEOREM 4.1 For any sequence of configurations in the class SCy, » consisting
of p spheres, there exists a constant M = 2(3|‘iT3;|)2(3w§/3)2|Qf2/3 , such that for
all temperatures uav satisfying the equations of state:

luar — C"H%Z(Q) < pM(/Q |Vuuw |2dz + /r ([uav])?ds), (34)
where ¢ = 17 [} uavdz.

The proof of Theorem 4.1 proceeds in two steps, first we introduce the Riesz
and double layer potentials given by:

Vya(Pun (o) = [ ly=al Vs ()l (35)

and

0., E(z,y)|dsy, (36)

PA(funD@) = [ lfuae @]l 12,
where n is the outward pointing normal and E(z,y) is the Newtonian potential
ly — 2|~

ARTs wbkadn Flan FAN At
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LEMMA 4.2
i@ =] < T (Vis(Vun)@)
+  PY(|[uar]])(2)}- (37)
Proof:

For z and y in £ we write:

lz—y| d
Upe (X)) — Upv (Y) = —/ Dyupv(z + rw)dr — Z[uAu (z+r;w)], (38)
0 R
Jj=1

where 0 < £ < p, w = (y — z)/|ly — z|. Here x + rjw lies on the intersection
of the j** interface and the line segment connecting the points z and y, and
[] indicates the jump of u,» across the surface of a spherical particle. Next
we integrate (38) with respect to the y variable over the boundary layer L, to
obtain:

|z—yl
|Lx|(uaw (z) — ) = —/L dy/o Dyupr (x4 rw)dr
. V'
= ]L Ay(3 une (@ + 7). (39)
We write
|la—yl
Eallwr@) =) = 1 [ dy/o Bossorlie 4w
£
w1 [ (Sl (40

Proceeding as in Gilbarg and Trudinger (1983), the first term in (40) is
estimated above by:

)(@). (41)

From the convexity of the domain 2 we may integrate the second term in
(40) using the polar coordinates dy = p°dpdw, to obtain

|lo—y| 43
| dy/ Dyupe (z + rw)dr| < —{Vy/3(|Vuar
S Ly 0 3

L,

! d3 P .
| [ dyO_[uar(@ +riw)])| < T > / |[war (z + rj(w)w)]|dw, (42)
i=1 2 =1/

where §2; is the solid angle subtended by the i*" sphere and x + r;(w)w ranges

over all points on its surface. We apply a standard change of variables, (cf.,
Jackson, 1975), to obtain:

izp;/Q‘ |[war (2 + rj(w)w)]|dw = i/gv |[war] IanyE(fB,yNdsy, (43)

=1
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and the Lemma follows.
Application of Lemma 4.2 and Cauchy’s inequality gives:

» V2 &
= Fs & Ty [ (Vs (| Vae )Pz
3 |Lal " Ja

+ [ 1Pl lDPae) (44)
From Gilbarg and Trudinger (1983) we have:

/ Vays(|Vuar )Pde < (3w3”*) 21043 | Vaar
J§2

izcm' (45)

Next we estimate the surface layer term on the right-hand side of (44). We
write,

P (Jfuae]) = 3 P (a1, (46)

where PY(|[usv]l) = [ype [tar@)]] [0, E(z,y)|dsy. Application of Cauchy’s
inequality gives:

: P
[ 1P uelbPae <23 [ 1Pl (47)
: =
The Poincaré inequality now follows from (44), (45), (47) and the following
estimate:
LEMMA 4.3
Jo 1P (luar]])Pdz
< @I [ (@) s, (48)
Proof:

Let K(z,y) = |0.,E(z,y)|, write |[us]|K = (|[uar]PK)/2 K12, and apply
Cauchy’s inequality to obtain:

Pt lDP < ([ Qe )PKds)([ K dsy) (19)

i

Elementary estimates, (cf., Jackson, 1975), show that:

| /a K(z,y) dsy||ro) < 4m, (50)
Japy
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thus,
J e Gl < ([ (use) Ko (51)

Let W C Q, be a thin shell containing the boundary 9B then,

/;(LB:([uM])desy}dz ./n\w(/aﬁf([u"”])z‘r{dsy)dﬂ’

+ / ([ (wa])?Kds,)de. (52)
Jw Japy

For x € Q\ W we have K(z,y) < |z — y|~? and application of Fubini’s
theorem gives:

2 ' — =2 da) (Fz.u 1V2ds
]ﬂ ! fa [ (unKdsy )i < _/an( ]g\wu y|2dz) (fua+])?ds,
< sup(Vis(D)(@)} ] (Junv])ds,
yeN aBy
< {3w§/3)2|9|2/3 /(';Bu([uA”])sty' (53)

To estimate the second term on the right-hand side of (52) we recall from
Lemma 4.1, that [us»] lies in CO(T") thus ||[wav]||o=esr) < 00 and

] ( [ (]2 Kdsy)do < 47[W] || (funr])?]luoeomr (54)
W . BB;’

Lemma 4.3 follows upon choosing W such that its volume tends to zero.
‘We conclude this Section by providing a uniform estimate on the normalized
temperature fields given by:

THEOREM 4.2 Given a sequence of suspensions consisting of p spheres in the
class SC,, », the associated temperature u,v satisfies:

s luar — €|l maanee) < 00, (55)
where
& = [l [L wa (y)dy. (56)
Proof:

We observe that u,» — ¢” is a solution to the equations of state (3.2)-(3.4) and:

/ Guavds = / g(uaw — c¥)ds
Joa Joa

HQHH_I'Q(BQ)HUA" == CV”HUE(am
"gllx—l"’?(an)”“A" = CU“H‘(Q\F”)- (57)

E(A",9)

IA 1A
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thus,
L ipetppas <an [ .o e (51)

Let W C Q, be a thin shell containing the boundary 0B} then,
[(/ ([uar]))?Kds,)dz = / (/ (luav))*Kds,)dz
Ja Japy Jonw Japy
+ / (/ ([uav))*Kdsy)dz. (52)
Jw Jopy

For x € Q\ W we have K(z,y) < |z — y|™2 and application of Fubini’s

theorem gives:
2 iR )2
H \W(‘/S'Br([um]) Kds,)da _[Mr(_[g U ()P,
SUP{VIK:s(U(T’J)}/ ([uav])dsy
y€Q Japy

I

IA

IA

(3w3’%)2 /3 / ([uav))®dsy.  (53)
Jopr
To estimate the second term on the right-hand side of (52) we recall from
Lemma 4.1, that [use] lies in CO(I') thus [|[tav]ll oo o5y < 00 and

[ (Qul?Kds)do < 4xW] | (unr) o (54
w Japr

Lemma 4.3 follows upon choosing W such that its volume tends to zero.
We conclude this Section by providing a uniform estimate on the normalized
temperature fields given by:

THEOREM 4.2 Given a sequence of suspensions consisting of p spheres in the
class SC,, x, the associated temperature u,v satisfies:

sup “”J\" = CU"H‘(Q\T“} < 00, (55)
where
I O (56)
Ty
Proof:

We observe that u,r — ¢” is a solution to the equations of state (3.2)-(3.4) and:

E(AY g) = / uavds = / gluaw — c”)ds
Jan J 52
< "9|ln"-"%am|h"m" - CVHHUQEDQJ
< gl u-lfi’mm””z\" s C“":Hm\r“}' (57)
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From the Poincare inequality (34), it follows that
e = ¢ Bonnery < (+2M [ [Vuoida+ [ (uadas). (58

Next, set & = min{op, 0yn, B} and make the substitution
W= (Upv,Upv, ..., Uy ) in (3.5) to obtain:

EW0) = [ o"@IVunldr+8 [ (unlies
c.f(/rlI |V, [2da +‘[rv([u,\u])2ds). (59)

It is evident from (57), (58), and (59) that

v

sup/ |Vuav|?dz < oo, sup/ ([uav])?ds < o0, (60)
v J0 v re

and the theorem follows in view of (58) and (60).

5. Proof of the energy dissipation inequality

We start by introducing the second Stekloff eigenvalue p, of a particle £. When
¥ has Lipschitz continuous boundary the variational formulation for the second
Stekloff eigenvalue is given by:

; 2
p2= min -IOE(%VQD -n)2ds

: - 61
div(a,Vp)=0 [0,V - Vipdz (61)

cf. Kuttler and Sigillito (1968). Separation of variables shows that for a sphere
of radius a and conductivity o, that p; = 7, /a.

We now give the proof. For any g € H='/*(99) for which [, gds = 0, we
write the difference AE = E(AUE, g) — E(A, g) as

AE = C(4,]) - C(A,)) + D(%,)), (62)
where j = argmin{C(A U X, 5)}, j = argmin{C(A4, j)}, and D(Z,) is given by
D(E,j)=p"{[ (G-n)’ds— / Bloy,' =0, 1) - jdz}. (63)

JIE JE

Noting that the feild j is an admissible trial for the variational principle (1.1),
we have:

C(A,j) — C(A,]) > 0. (64)
Thus
AE > D(Z,)). (65)
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Now, the equations of state for the temperature @ € HY(Q\(I'udx)) imply that
j =0,V in B, [0(xa)Vii-n] = 0 on O, and j -n|, = 0,Vii-n,, on 5. Thus
from (63) and (65) we obtain:

AE > 8~ 1{/ (0, Vi - n)ds — / Bloy! — 0, " )opVi - 0, Vidz}.  (66)
From (61), it follows that:
/ (0,Vp - n)ds — pg/ o,V - Veodz >0 (67)
ax 5

for all ¢ € H3/?(X) such that div (6,Vp) =0, in X.
Comparing the right-hand side of (66) with (67), we discover that
AE >0 (68)
for
arpﬁ(a,;l - crp_l)o-,, < appa. (69)

Theorem 1.1 follows noting that p; = ap,/a for a sphere of radius a.
We observe that strict inequality in(68) follows from strict inequality in (69),
provided that Va is not identically equal to zero on X.

6. A proof of Theorem 1.2

We write the energy dissipation due to a distribution of current on the domain
boundary as:

E(A,g) = min{C(A,j) : j € L}(Q)3,divj=0, j-n =g on 90} (70)
where
O = [ {oa - xaloit ~ oy s 7 [Gones @)
Next we write the energy dissipated in the unreinforced domain as:
E(0,g) = min{C : j € L*(Q)*,div j =0, j-n = g on 00} (72)
where
C= /ﬂ onl j-jdz. (73)

We set j = a?'gmz’ﬂE_(@,g) and observe that it is an admissible trial field for
(70). Substitution of j into (70) gives the estimate:

E(A.g) <E(g) + (07" ~05")( [ (-nds)T(Ag) (74)
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where T'(A, g) is given by (1.8) and Theorem 1.2 follows.
Lastly, we establish the inequality given by (1.9). Indeed, for the choice
g = j - n the quantity T(A, g) is given by.

T(4,9) = Rer = [ [Pds/ [ G (7)
JA JOA
The inequality follows from T'(A, g) < 0 upon noting that

[ e = 57 x |4 (76)

and
N

[ Gewids =[5 x Y- a7 Wi (77)

Joa =1
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